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COHEN-MACAULAY AUSLANDER ALGEBRAS OF GENTLE
ALGEBRAS
XINHONG CHEN AND MING LU†
Abstract. For any gentle algebra Λ = KQ/〈I〉, following Kalck, we describe the quiver and
the relations for its Cohen-Macaulay Auslander algebra Aus(GprojΛ) explicitly, and obtain
some properties, such as Λ is representation-finite if and only if Aus(Gproj Λ) is; if Q has no
loop and any indecomposable Λ-module is uniquely determined by its dimension vector, then
any indecomposable Aus(Gproj Λ)-module is uniquely determined by its dimension vector.
1. Introduction
The concept of Gorenstein projective modules over any ring can be dated back to [4], where
Auslander and Bridger introduced the modules of G-dimension zero over a Noetherian rings,
and is formed by Enochs and Jenda [14]. This class of modules satisfies some good stable
properties, becomes a main ingredient in the relative homological algebra, and is widely used
in the representation theory of algebras and algebraic geometry, see e.g. [4, 6, 14, 10, 16, 8].
It also plays as an important tool to study the representation theory of Gorenstein algebra,
see e.g. [6, 10, 16].
Gorenstein algebra Λ, where by definition Λ has finite injective dimension both as a left
and a right Λ-module, is inspired from commutative ring theory. A fundamental result of
Buchweitz [10] and Happel [16] states that for a Gorenstein algebra Λ, its singularity category
is triangle equivalent to the stable category of Gorenstein projective (also called (maximal)
Cohen-Macaulay) Λ-modules, which generalizes Rickard’s result [22] on self-injective algebras.
For any Artin algebra Λ, denote by Gproj Λ its subcategory of Gorenstein projective mod-
ules. If Gproj Λ has only finitely many isomorphism classes of indecomposable objects, then
Λ is called CM-finite. In this case, inspired by the definition of Auslander algebra, the
Cohen-Macaulay Auslander algebra (also called the relative Auslander algebra) is defined
to be EndΛ(
⊕n
i=1Ei)
op, where E1, . . . , En are all pairwise non-isomorphic indecomposable
Gorenstein projective modules [7, 8, 19]. A CM-finite algebra Λ is Gorenstein if and only
if gl.dimAus(Gproj Λ) < ∞ [19, 8]. Furthermore, for any two Gorenstein Artin algebras A
and B which are CM-finite, if A and B are derived equivalent, then their Cohen-Macaulay
Auslander algebras are also derived equivalent [21].
As an important class of Gorenstein algebras [15], gentle algebras were introduced in
[3] as appropriate context for the investigation of algebras derived equivalent to hereditary
algebras of type A˜n. Many important algebras are gentle, such as tilted algebras of type An,
algebras derived equivalent to An-configurations of projective lines [11] and also the cluster-
tilted algebras of type An [9], and type A˜n [1]. It is interesting to notice that the class of
gentle algebras is closed under derived equivalence [24]. Recently, Kalck [17] proves that the
singularity category of an arbitrary gentle algebra is a finite product of n-cluster categories
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of type A1. From [17], it is easy to see that gentle algebras are CM-finite, which inspires us
to study the properties of their Cohen-Macaulay Auslander algebras.
In this paper, our aim is to study the Cohen-Macaulay Auslander algebras of gentle al-
gebras. Let Λ = KQ/〈I〉 be a gentle algebra. First, we explicitly describe the quiver and
relations of Aus(Gproj Λ) = KQAus/〈IAus〉, see Theorem 3.5. Second, we prove that Λ is
representation-finite if and only if Aus(Gproj Λ) is, see Theorem 4.4. Third, if Q has no loop,
and any indecomposable Λ-module M is uniquely determined by its dimension vector, then
any indecomposable Aus(Gproj Λ)-module N is uniquely determined by its dimension vector,
see Theorem 4.6.
It is worth pointing out that in [13] we construct a desingularization of arbitrary quiver
Grassmannians for finite-dimensional Gorenstein projective modules of 1-Gorenstein gentle
algebras in terms of quiver Grassmannians for their Cohen-Macaulay Auslander algebras.
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and insightful comments.
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2. Preliminaries
Throughout this paper, we always assume that K is an algebraically closed field. For
any finite set S, we denote by |S| the number of the elements in S. For a K-algebra,
we always means a basic finite-dimensional associative K-algebra. For any algebra A, we
denote by gl.dimA its global dimension. For an additive category A, we denote by indA the
isomorphism classes of indecomposable objects in A.
Let Q = (Q0, Q1) be a quiver (where Q0 is the set of vertices and Q1 is the set of arrows)
and 〈I〉 an admissible ideal in the path algebra KQ which is generated by a set of relations
I. Denote by (Q, I) the associated bound quiver. For any arrow α in Q we denote by s(α)
its starting point and by t(α) its ending point. An oriented path (or path for short) of length
r ≥ 1 from a to b is a sequence p = α1α2 . . . αr of arrows αi such that t(αi) = s(αi−1) for
all i = 2, . . . , r, and s(αr) = a, t(α1) = b. A path of length r ≥ 1 is called an oriented cycle
whenever its source and target coincide. An oriented cycle of length 1 is called a loop.
2.1. Gentle algebras. We first recall the definition of special biserial algebras and of gentle
algebras.
Definition 2.1 ([25]). The pair (Q, I) is called special biserial if it satisfies the following
conditions.
• Each vertex of Q is the starting point of at most two arrows, and ending point of at
most two arrows.
• For each arrow α in Q there is at most one arrow β such that αβ /∈ I, and at most
one arrow γ such that γα /∈ I.
Definition 2.2 ([3]). The pair (Q, I) is called gentle if it is special biserial and moreover the
following holds.
• The set I is generated by zero-relations of length 2.
• For each arrow α in Q there is at most one arrow β with t(β) = s(α) such that
αβ ∈ I, and at most one arrow γ with s(γ) = t(α) such that γα ∈ I.
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A finite-dimensional algebra A is called special biserial (resp., gentle) if it has a presentation
as A = KQ/〈I〉 where (Q, I) is special biserial (resp., gentle).
Example 2.3. (a) Let Q be the quiver as Figure 1 shows, and I = {βα, αγ1, γ1β}. Then
KQ/〈I〉 is a gentle algebra.
❝ ❝
❝
 
 
 ✒ ❅
❅
❅❘✛✛
1
2
3
α β
γ2
γ1
Figure 1. The quiver Q in Example 2.3 (a).
(b) Let Q be the quiver as Figure 2 shows, and I = {αβ, βα, γ2}. Then Λ = KQ/〈I〉 is a
gentle algebra.
❝ ✲✛ ❝
❘ α
β
γ
1 2
Figure 2. The quiver Q in Example 2.3 (b).
A classification of indecomposable modules over gentle algebras can be deduced from the
work of Ringel [23] (see e.g. [12, 26]). For each arrow β, we denote by β−1 the formal
inverse of β with s(β−1) = t(β) and t(β−1) = s(β). A word w = c1c2 · · · cn of arrows and
their formal inverse is called a string of length n ≥ 1 if ci+1 6= c
−1
i , s(ci) = t(ci+1) for all
1 ≤ i ≤ n−1, and no subword nor its inverse is in I. We define (c1c2 · · · cn)
−1 = c−1n · · · c
−1
2 c
−1
1 ,
and s(c1c2 · · · cn) = s(cn), t(c1c2 · · · cn) = t(c1). We denote the length of w by l(w). In
addition, we also want to have strings of length 0; be definition, for any vertex u ∈ Q0, there
will be two strings of length 0, denoted by 1(u,1) and 1(u,−1), with both s(1(u,i)) = u = t(1(u,i))
for i = −1, 1, and we define (1(u,i))
−1 = 1(u,−i). We also denote by S(Λ) the set of all strings
over Λ = KQ/〈I〉.
Remark 2.4. For any string w ∈ S(Λ), we have w 6= w−1.
Proof. If w is of length zero, then w = 1(u,i) for i = 1 or −1, and w
−1 = 1u,−i which is
different to w by the definition.
If l(w) = n ≥ 1, then we assume that w = c1c2 · · · cn. So w
−1 = c−1n · · · c
−1
2 c
−1
1 . Suppose
for a contradiction that w = w−1, which means cj = c
−1
n−j+1 for j = 1, . . . , n. If n = 2k for
some integer k, then ck = c
−1
k+1, a contradiction to the definition of strings. If n = 2k + 1 for
some integer k, then ck+1 = c
−1
k+1, which yields a contradiction. So w 6= w
−1. 
A band b = α1α2 · · ·αn−1αn is defined to be a string b with t(α1) = s(αn) such that each
power bm is a string, but b itself is not a proper power of any strings. We denote by B(Λ)
the set of all bands over Λ.
On S(Λ), we consider the equivalence relation ρ which identifies every string C with its
inverse C−1. On B(Λ), we consider the equivalence relation ρ′ which identifies every string
C = c1 . . . cn with the cyclically permuted strings C(i) = cici+1 · · · cnc1 · · · ci−1 and their
inverses C−1(i) , 1 ≤ i ≤ n. We choose a complete set S(Λ) of representatives of S(Λ) relative
to ρ, and a complete set B(Λ) of representatives of B(Λ) relative to ρ′.
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Butler and Ringel showed that each string w defines a unique string module M(w), each
band b yields a family of band modules M(b,m, φ) with m ≥ 1 and φ ∈ Aut(Km). Equiva-
lently, one can consider certain quiver morphism σ : S → Q (for strings) and β : B → Q (for
bands), where S and B are of types An and A˜n, respectively. Then string and band modules
are given as pushforwards σ∗(M) and β∗(R) of indecomposable KS-modulesM and indecom-
posable regular KB-modules R, respectively (see e.g. [26]). Let Aut(Km) be a complete set
of representatives of indecomposable automorphisms of K-spaces with respect to similarity.
Theorem 2.5 ([12]). The modules M(w) with w ∈ S(Λ), and the modules M(b,m, φ) with
b ∈ B(Λ), m ≥ 1 and φ ∈ Aut(Km), provide a complete list of indecomposable (and pairwise
non-isomorphic) Λ-modules.
In practice, a string w is of form αǫ11 α
ǫ2
2 · · ·α
ǫn
n for αi ∈ Q1 and ǫi = ±1 for all 1 ≤ i ≤ n.
So w can be viewed as a walk in Q:
w : b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1,
where b1, b2 . . . , bn+1 are vertices of Q and αi is an arrow from bi+1 to bi if ǫi = 1, or an arrow
from bi to bi+1 if ǫi = −1, for each 1 ≤ i ≤ n . In this way, the equivalence relation ρ induces
that
w : b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1,
is equivalent to
w−1 : bn+1
αn
bn
αn−1
· · ·
α2
b2
α1
b1.
It is similar to interpret ρ′ if w is a band. We denote by v ∼ w for any two strings v,w if v
is equivalent to w under ρ.
For any string w = c1 . . . cn, or w = 1(u,j), let uw(i) = t(ci+1), 0 ≤ i < n, and uw(n) =
s(w) = s(cn). Given a vertex v ∈ Q0, let Iw(v) = {i|uw(i) = v} ⊆ {0, 1, . . . , n}. Denote
by kw(v) = |Iw(v)|. We associate a vector (kw(v))v∈Q0 to the string w, which is denoted by
dimw, and call it the dimension vector of w. From [12], we get that dimw = dimM(w).
Note that if a gentle algebra Λ is representation-finite, then there is no band module in
modΛ, and so all the indecomposable modules over Λ are string modules.
2.2. Singularity categories and Gorenstein algebras. Let Λ be a finite-dimensional
K-algebra. Let modΛ be the category of finitely generated left Λ-modules, and projΛ the
subcategory of finitely generated projective Λ-modules. For an arbitrary Λ-module ΛX, we
denote by proj.dimΛX (resp. inj.dimΛX) the projective dimension (resp. the injective
dimension) of the module ΛX. A Λ-module G is Gorenstein projective, if there is an exact
sequence
P • : · · · → P−1 → P 0
d0
−→ P 1 → · · ·
of projective Λ-modules, which stays exact under HomΛ(−,Λ), and such that G ∼= Ker d
0.
We denote by Gproj(Λ) the subcategory of Gorenstein projective Λ-modules.
Definition 2.6 ([5, 6, 16]). A finite-dimensional algebra Λ is called a Gorenstein (or Iwanaga-
Gorenstein) algebra if Λ satisfies inj.dimΛΛ <∞ and inj.dimΛ Λ <∞.
Observe that for a Gorenstein algebra Λ, we have inj.dimΛ Λ = inj.dimΛΛ, see e.g. [16,
Lemma 6.9]; the common value is denoted by G.dimΛ. If G.dimΛ ≤ d, we say that Λ is
d-Gorenstein.
For an algebra Λ, the singularity category of Λ is defined to be the quotient category
Dbsg(Λ) := D
b(Λ)/Kb(proj Λ) [10, 16, 20]. Note that Dbsg(Λ) is zero if and only if gl.dimΛ <
∞ [16].
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Theorem 2.7 ([10, 16]). Let Λ be a finite-dimensional algebra. Then Gproj(Λ) is a Frobenius
category with the projective modules as the projective-injective objects. If Λ is Gorenstein,
then the stable category Gproj(Λ) is triangle equivalent to the singularity category Dbsg(Λ) of
Λ.
An algebra is of finite Cohen-Macaulay type, or simply, CM-finite, if there are only finitely
many isomorphism classes of indecomposable finitely generated Gorenstein projecitve mod-
ules. Clearly, Λ is CM-finite if and only if there is a finitely generated module E such that
Gproj Λ = addE. In this way, E is called to be a Gorenstein projective generator. If the
global dimension of Λ is finite, then GprojΛ = proj Λ, which implies that Λ is CM-finite. If
Λ is self-injective, then Gproj Λ = modΛ, so Λ is CM-finite if and only if Λ is representation-
finite.
Let Λ be a CM-finite algebra, E1, . . . , En all the pairwise non-isomorphic indecomposable
Gorenstein projective Λ-modules. Put E = ⊕ni=1Ei. Then E is a Gorenstein projective
generator. We call Aus(Gproj Λ) := (EndΛE)
op the Cohen-Macaulay Auslander algebra
(also called relative Auslander algebra) of Λ.
Geiß and Reiten [15] prove that gentle algebras are Gorenstein algebras, so their Cohen-
Macaulay Auslander algebras have finite global dimensions [19]. The singularity category
of a gentle algebra is characterized by Kalck in [17], we recall it as follows. For a gentle
algebra Λ = KQ/〈I〉, we denote by C(Λ) the set of equivalence classes (with respect to cyclic
permutation) of repetition-free cyclic paths α1 . . . αn in Q such that αiαi+1 ∈ I for all i,
where we set n + 1 = 1. Moreover, we set l(c) to be the length of the cycle c ∈ C(Λ), i.e.
l(α1 . . . αn) = n.
For every arrow α ∈ Q1, there is at most one cycle c ∈ C(Λ) containing α. In fact, if there
are two different elements c, c′ ∈ C(Λ) such that α lies on both of them, then the definition
of C(Λ) implies that there exist arrows β, γ1 and γ2 such that γ1 6= γ2, s(γ1) = t(β) = s(γ2)
and γ1β, γ2β ∈ I, a contradiction to that Λ is gentle. We define R(α) to be the left ideal Λα
generated by α. It follows from the definition of gentle algebras that this is a direct summand
of the radical radPs(α) of the indecomposable projective Λ-module Ps(α) = Λes(α), where es(α)
is the idempotent corresponding to s(α). In fact, all radical summands of indecomposable
projective modules arise in this way, see e.g. [17].
Theorem 2.8 ([17]). Let Λ = KQ/〈I〉 be a gentle algebra. Then
(i) indGproj(Λ) = ind projΛ
⋃
{R(α1), . . . , R(αn)|c = α1 · · ·αn ∈ C(Λ)}.
(ii) There is an equivalence of triangulated categories
Dbsg(Λ) ≃
∏
c∈C(Λ)
Db(K)
[l(c)]
,
where Db(K)/[l(c)] denotes the triangulated orbit category, see [18].
From Theorem 2.8 or its proof in [17], we get that Gproj(Λ) ≃ Dbsg(Λ) is equivalent
to a semisimple abelian category and therefore itself is semisimple abelian. In particular,
HomΛ(R(α), R(α
′)) ∼= δαα′K for any two non-projective indecomposable Gorenstein projec-
tive modules R(α), R(α′).
3. Cohen-Macaulay Auslander algebras of gentle algebras
Let Λ = KQ/〈I〉 be a gentle algebra. It is easy to get the following lemma.
Lemma 3.1. Let Λ = KQ/〈I〉 be a gentle algebra. Then Λ is CM-finite.
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Proof. From Theorem 2.8, we get that
indGproj(Λ) = ind projΛ
⋃
{R(α1), . . . , R(αn)|c = α1 · · ·αn ∈ C(Λ)}.
So every non-projective indecomposable Gorenstein projective Λ-module is of form R(α) for
some arrow α. Furthermore, there are only finitely many arrows, and then Λ is CM-finite. 
From Λ, we construct a bound quiver (QAus, IAus) as follows:
• the set of vertices QAus0 := Q0
⊔
Qcyc1 , where Q
cyc
1 = {α|∃ c ∈ C(Λ) such that α lies on c};
• the set of arrows QAus1 := Q
ncyc
1
⊔
(Qcyc1 )
±, where Qncyc1 = Q1 \Q
cyc
1 (i.e. arrows do not
lie on any cyclic paths in C(Λ)), (Qcyc1 )
+ = {α+ : s(α) → α|α ∈ Qcyc1 } and (Q
cyc
1 )
− = {α− :
α→ t(α)|α ∈ Qcyc1 }.
• the set of relations IAus := {β+α−|βα ∈ I with α, β ∈ Qcyc1 }
⋃
{βα|βα ∈ I with α, β ∈
Qncyc1 }.
Note that if C(Λ) = ∅, then (QAus, IAus) = (Q, I).
In this section, we prove that KQAus/〈IAus〉 is isomorphic to the Cohen-Macaulay Aus-
lander algebra of the gentle algebra Λ = KQ/〈I〉.
Example 3.2. (a) Keep the notations as in Example 2.3 (a). Then the quiver QAus of the
gentle algebra KQ/〈I〉 is as Figure 3 shows, and IAus = {α+γ−1 , β
+α−, γ+1 β
−}.
❝
✻
❝
❝
✟✟
✟✯
❝
❍❍❍❥
❝✛
✟✟✟✙
❝
❄
❍❍
❍❨1
α
2
γ1
β
3
α+
α− β+
β−
γ
+
1
γ
−
1
γ2
Figure 3. The quiver QAus of KQ/〈I〉 for Example 2.3 (a).
(b) Keep the notations as in Example 2.3 (b). Then the quiver QAus of the gentle algebra
KQ/〈I〉 is as Figure 4 shows, and IAus = {γ+γ−, α+β−, β+α−}.
❝ ✲✛ ❝
 
  ✒
❝
❝
❅
❅❅❘
❝
 
  ✠❅
❅❅■
γ−
γ+
γ
α+
α
β− β+
α−
1
2
β
Figure 4. The quiver QAus of KQ/〈I〉 for Example 2.3 (b).
For any two Λ-modulesM,N and any subcategory D of modΛ containingM,N , we denote
by irrD(M,N) the space of irreducible morphisms from M to N in D.
From Theorem 2.8, we get that
indGproj(Λ) = ind projΛ
⋃
{R(α1), . . . , R(αn)|c = α1 · · ·αn ∈ C(Λ)}.
Furthermore, let c ∈ C(Λ) be a cycle, which we label as follows: 1
α1−→ 2
α2−→ · · ·
αn−1
−−−→ n
αn−−→ 1.
Then from the proof of [17, Theorem 2.5], there are short exact sequences
(1) 0→ R(αi)
ai−→ Pi
bi−→ R(αi−1)→ 0,
for all i = 1, . . . , n, where we set α0 = αn.
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Lemma 3.3. Keep the notations as above. Then ai, bi in sequence (1) are irreducible mor-
phisms in GprojΛ for all i = 1, . . . , n. Furthermore,
(i)
dimK irrGproj Λ(R(αi), Pi)) = 1 and dimK irrGproj Λ(Pi, R(αi−1)) = 1,
for all i = 1, . . . , n.
(ii) For any indecomposable projective module P not isomorphic to Pi, we have
irrGproj Λ(R(αi), P )) = 0 and irrGproj Λ(P,R(αi−1)) = 0,
for all i = 1, . . . , n.
(iii) For any two non-projective indecomposable Gorenstein projective modules R(α) and
R(α′), we have irrGproj Λ(R(α), R(α
′)) = 0.
Proof. Note that R(αi) is indecomposable and sequence (1) is not split for any αn . . . α1 ∈
C(Λ) and each i = 1, . . . , n. We need to check that sequence (1) is an almost split sequence
in Gproj Λ for each i = 1, . . . , n.
For any Gorenstein projective module M , and a morphism v : M → R(αi−1) which is
not a retraction, since Gproj(Λ) is a semisimple category, and R(αi−1) is a simple object
in Gproj(Λ), we get that v = 0 in Gproj(Λ). So v factors through a projective module P
as v = v2v1 for some morphisms v1 : M → P and v2 : P → R(αi−1). It is easy to see
that v2 factors through bi as v2 = biv3 for some morphism v3 : P → Pi, which implies
v = v2v1 = biv3v1, so bi is right almost split and then sequence (1) is almost split.
R(αi)
ai // Pi
bi // R(αi−1)
P
v3
OO
v2
;;
M.
v
OO
v1
oo
(i) For any other irreducible morphism a′i : R(αi)→ Pi, since Ext
1
Λ(R(αi−1), Pi) = 0, there
exists a morphism f : Pi → Pi such that a
′
i = fai. Note that ai is not a section, so f is a
retraction and then an isomorphism, so dimK irrGprojΛ(R(αi), Pi)) = 1.
It is similar to prove that dimK irrGproj Λ(Pi, R(αi−1)) = 1, we omit the proof here.
(ii) follows from that sequence (1) is almost split.
(iii) If α 6= α′, then HomΛ(R(α), R(α
′)) = 0, so irrGproj Λ(R(α), R(α
′)) = 0. If α = α′, then
by the proof of Theorem 2.8 in [17], we get that EndΛ(R(α)) = K. So irrGprojΛ(R(α), R(α)) =
0. 
Since projΛ ⊂ Gproj Λ, for any indecomposable projective Λ-modules P1, P2, we get that
irrGproj Λ(P1, P2) ⊆ irrprojΛ(P1, P2).
Lemma 3.4. Let Λ = KQ/〈I〉 be a gentle algebra. Let P1, P2 be two indecomposable pro-
jective Λ-modules with their corresponding vertices v1, v2 respectively. For any irreducible
morphism f : P1 → P2 in proj Λ which is induced by an arrow α : v2 → v1, then
(i) if α lies on a cycle in C(Λ), then f is not irreducible in GprojΛ, in particular, f factors
through R(α) as a composition of two irreducible morphisms in Gproj Λ.
(ii) if α does not lie on any cycle in C(Λ), then f is irreducible in Gproj Λ.
Proof. (i) If α lies on a cycle c ∈ C(Λ), we assume that c is of form · · · v3
γ
−→ v2
α
−→ v1
β
−→ 0 · · ·
(where the vertices can be coincided), then there exist two short exact sequences
0→ R(α)
a1−→ P2
b1−→ R(γ)→ 0 and 0→ R(β)
a2−→ P1
b2−→ R(α)→ 0,
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with a1b2 = f . So f is not irreducible in Gproj Λ. Lemma 3.3 yields that a1, b2 are irreducible
in Gproj Λ, and then (i) follows.
(ii) Since f ∈ irrprojΛ(P1, P2), we get that f is neither a section nor a retraction. Suppose
for a contradiction that f factors through a module M ∈ Gproj Λ as f = f2f1 for some
morphisms f1 : P1 → M and f2 : M → P2, with neither f1 a section nor f2 a retraction.
Then M /∈ projΛ, so M = M1 ⊕ M2 with M1 projective and the indecomposable direct
summands of M2 non-projective. Note that M2 6= 0. For any non-projective indecomposable
Gorenstein projective module Ri, there exist indecomposable projective modules Pi, Pi+1 and
non-projective Gorenstein projective modules Ri−1, Ri+1 such that the following sequences
are exact
(2) 0→ Ri → Pi → Ri−1 → 0, 0→ Ri+1 → Pi+1 → Ri → 0.
So by doing direct sum of the exact sequences as in sequence (2) for all indecomposable direct
summands of M2, there exist two exact sequences
(3) 0→ N1
a1−→ PM2
b1−→M2 → 0, 0→M2
a2−→ QM2
b2−→ N2 → 0,
where PM2 , QM2 are projective with their indecomposable direct summands corresponding to
vertices lying on cycles in C(Λ), and N1, N2 are Gorenstein projective modules with their in-
decomposable direct summands non-projective. Then for M , there exist two exact sequences
(4) 0→ N1
c1−→M1 ⊕ PM2
d1−→M → 0, 0→M
c2−→M1 ⊕QM2
d2−→ N2 → 0.
The proof can be broken into the following two cases.
Case (1). The vertex v1 does not lie on any cycle in C(Λ). Then f1 factors through
d1 as the following diagram shows:
P1
f ′1

f1
%%❏❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
f // P2
N1
c1 // M1 ⊕ PM2
d1 // M.
f2
OO
So f = f2d1f
′
1. If f
′
1 is not a section, then f2d1 is a retraction since f is irreducible in projΛ
and M1 ⊕ PM2 is projective, which yields that f2 is a retraction, giving a contradiction. So
f ′1 is a section, which implies that P1 is a direct summand of M1 by the assumption that the
vertex 1 does not lie on any cycle in C(Λ). Since M1 is a direct summand of M , we get that
P1 is a direct summand of M , i.e. f1 is a section, giving a contradiction.
Case (2). The vertex v1 lies on some cycle in C(Λ). Then there is a cycle c ∈ C(Λ)
such that v1 lies on c. So we assume that c locally is · · ·
α1−→ v3
α2−→ v1
α3−→ · · · . Let P3 be the
indecomposable projective module corresponding to the vertex v3. Then there are two exact
sequences:
(5) 0→ R(α2)
u1−→ P3
v1−→ R(α1)→ 0, 0→ R(α3)
u2−→ P1
v2−→ R(α2)→ 0.
Similar to Case (1), we get that f1 factors through d1 as the following diagram shows:
P1
f ′
1

f1
%%❏❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
f // P2
N1
c1 // M1 ⊕ PM2
d1 // M.
f2
OO
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Then f = f2d1f
′
1. If f
′
1 is not a section, then f2d1 is a retraction since f is irreducible in
proj Λ andM1⊕PM2 is projective, which yields that f2 is a retraction, giving a contradiction.
So f ′1 is a section.
If f ′1 induces that P1 is a direct summand of M1, and then it is a direct summand of M .
By our construction, we get that f1 : P1 → M is a section, giving a contradiction. So f
′
1
induces that P1 is a direct summand of PM2 . By our construction, we know that R(α2) is a
direct summand ofM2. So f factors through v2 : P1 → R(α2) as f = g2v2 for some morphism
g2 : R(α2)→ P2. From sequence (5), we get that g2 factors through u1 as g2 = g
′
2u1 for some
morphism f ′2 : P3 → P2 since Ext
1
Λ(R(α1), P2) = 0. Then f = f
′
2u1v2. Since u1v2 : P1 → P3
is the morphism induced by the arrow α2, it is not a section. Therefore, f
′
2 is a retraction
and then an isomorphism. So f is the morphism induced by the arrow α2. However, f is
the morphism induced by the arrow α, so α2 = α. Recall that α does not lie on any cycle in
C(Λ), giving a contradiction.
To sum up, f is an irreducible morphism in Gproj(Λ). 
Theorem 3.5. Let Λ = KQ/〈I〉 be a gentle algebra. Then the Cohen-Macaulay Auslander
algebra of Λ is isomorphic to KQAus/〈IAus〉.
Proof. Note that
indGproj(Λ) = ind projΛ
⋃
{R(α1), . . . , R(αn)|c = α1 · · ·αn ∈ C(Λ)}.
Lemma 3.3 and Lemma 3.4 characterize all the irreducible morphisms in Gproj Λ, from them,
it is easy to see that QAus is the quiver of the Cohen-Macaulay Auslander algebra of Λ. In
fact, the vertex i ∈ Q0 ⊆ Q
Aus
0 corresponds to the corresponding indecomposable projective
Λ-module Pi; the vertex α ∈ Q
cyc
1 ⊆ Q
Aus
0 corresponding to the Λ-module R(α); the arrow
β ∈ Qncyc1 ⊆ Q
Aus
1 corresponds to the irreducible morphism Pt(β) → Ps(β) induced by β ∈ Q1,
see Lemma 3.4 (ii). The arrow α− (resp. α+) corresponds to the irreducible morphism
Pt(α)
b
−→ R(α) (resp. R(α)
a
−→ Ps(α)), see Lemma 3.3 and Lemma 3.4 (i). Note that b is
surjective and a is injective.
So Aus(Gproj Λ) is isomorphic to KQAus/〈IA〉 for some admissible ideal 〈IA〉. Recall that
IAus = {β+α−|βα ∈ I with α, β ∈ Qcyc1 }
⋃
{βα|βα ∈ I with α, β ∈ Qncyc1 }.
From the above, it is easy to see that 〈IAus〉 ⊆ 〈IA〉. Assume that l =
∑t
i=1 kili ∈ I
A, where
l1, . . . , lt are paths in KQ
Aus and ki 6= 0 for 1 ≤ i ≤ t. We can also assume that the starting
points and the ending points of all the li, 1 ≤ i ≤ t are same, which are denoted by s(l), t(l)
respectively. The proof can be broken into the following four cases.
Case (1). s(l), t(l) ∈ Q0 ⊆ Q
Aus
0 . We can view l to be an element in KQ after replacing
all the subpaths α−α+ by α, and denote it by π(l). Let us view the arrows as irreducible
morphisms. For any arrow α ∈ Qcyc1 , the irreducible morphism from Pt(α) to Ps(α) in projΛ
induced by α is equal to the combination of the irreducible morphisms in GprojΛ induced
by the arrows α− and α+. So the morphism from Pt(l) to Ps(l) induced by π(l) in proj Λ is
equal to the one induced by l in Gproj Λ. Since l ∈ IA, the morphism from Pt(l) to Ps(l)
induced by l is zero, and then the morphism from Pt(l) to Ps(l) induced by π(l) is also zero.
So π(l) ∈ 〈I〉, and then π(li) ∈ 〈I〉 for any 1 ≤ i ≤ t, since 〈I〉 is generated by zero-relations
of length two. In other words, for each 1 ≤ i ≤ t, there exist two arrows α, β in Q such that
βα ∈ I and βα is a subpath of π(li). If α ∈ Q
ncyc
1 , then β ∈ Q
ncyc
1 , and so βα ∈ I
Aus, which
implies that li ∈ 〈I
Aus〉; if α ∈ Qcyc1 , then β ∈ Q
cyc
1 and so β
+α− ∈ IAus. It is easy to see
that β+α− is a subpath of li, which implies that li ∈ 〈I
Aus〉. Therefore, we have li ∈ 〈I
Aus〉
for each i, and then l ∈ 〈IAus〉.
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Case (2). s(l) = α ∈ Qcyc1 ⊆ Q
Aus
0 , t(l) ∈ Q0 ⊆ Q
Aus
0 . Since there is only one arrow α
−
starting from α, we can assume l = l′α− where l′ is some element in KQAus starting from
t(α). Viewing the arrows as irreducible morphisms, since α+ corresponds to an injective
morphism, we get that l = l′α− ∈ 〈IA〉 if and only if lα+ ∈ 〈IA〉. Then lα+ satisfies Case
(1), which implies that it is in 〈IAus〉. Since 〈IAus〉 is generated by zero-relations of length
two and α−α+ /∈ 〈IAus〉, we get that l ∈ 〈IAus〉.
Case (3). s(l) ∈ Q0 ⊆ Q
Aus
0 , t(l) = α ∈ Q
cyc
1 ⊆ Q
Aus
0 . It is similar to Case (2), only need
note that α− corresponds to a surjective morphism.
Case (4). s(l) = α, t(l) = β ∈ Qcyc1 ⊆ Q
Aus
0 . It is also similar to Case (2), only need note
that α+ corresponds to an injective morphism and β− corresponds to a surjective morphism.
Therefore, 〈IAus〉 = 〈IA〉, and so KQAus/〈IAus〉 is isomorphic to the Cohen-Macaulay
Auslander algebra of Λ. 
Corollary 3.6. Let Λ = KQ/〈I〉 be a gentle algebra. Then the Cohen-Macaulay Auslander
algebra of Λ is also a gentle algebra.
Proof. From the structure of QAus and IAus, it is easy to see that KQAus/〈IAus〉 is a gentle
algebra. 
4. Some representation properties of the Cohen-Macaulay Auslander
agelbras for gentle algebras
Before going on, let us fix some notations. Let Λ be a gentle algebra and Γ be its Cohen-
Macaulay Auslander algebra.
For any M = ((Mi)i∈Q0 , (Mα : Mi → Mj)(α:i→j)∈Q1) ∈ modΛ, define a Γ-module M̂ =
((Ni, Nα)i∈Q0,α∈Qcyc1 , (Nβ)β∈QAus1
) as follows:
• For any i ∈ Q0 ⊆ Q
Aus
0 , we set Ni =Mi; for any α ∈ Q
cyc
1 ⊆ Q
Aus
0 , we set Nα = ImMα.
• For any arrow in QAus1 , if it is of form (β : i→ j) ∈ Q
ncyc
1 , then we set Nβ =Mβ; if it is
of form β+ : i→ β, or of form β− : β → j for some (β : i→ j) ∈ Qcyc1 , we set Nβ+ and Nβ−
to be the natural morphisms (Ni = Mi)→ (ImMβ = Nβ) and (Nβ = ImMβ)→ (Mj = Nj)
respectively, which are induced by Mβ :Mi →Mj .
It is easy to see that M̂ is actually a Γ-module. Since Im is a functor, we can define a
functor Φ : modΛ→ modΓ such that Φ(M) := M̂ , with the natural definition on morphisms.
Lemma 4.1 ([13]). Keep the notations as above. Then Φ is a covariant additive functor
from modΛ to modΓ.
Since (Q, I) is a subquiver of (QAus, IAus), i.e. Λ is a subalgebra of Γ, we get a restriction
functor res : modΓ → modΛ. Explicitly, for any N = ((Ni, Nα)i∈Q0,α∈Qcyc1 , (Nβ)β∈QAus1
) ∈
modΓ, res(N) is defined as follows:
• For any i ∈ Q0, (res(N))i = Ni;
• For any arrow (α : i→ j) ∈ Q1, if α ∈ Q
ncyc
1 , we set (resN)α = Nα; if α ∈ Q
cyc
1 , we set
(res(N))α = Nα−Nα+ .
Since Λ and Γ are gentle algebras, their indecomposable modules are either string modules
or band modules. We describe the action of Φ and res on string modules as follows.
• For a string w = αǫ11 α
ǫ2
2 . . . α
ǫn
n ∈ S(Λ), denote its corresponding string module byM(w).
For i = 1, . . . , n, if αi ∈ Q
cyc
1 , we replace αi by α
−
i α
+
i , and get a word in Γ, which is denoted
by ι(w). Then it is easy to see that ι(w) ∈ S(Γ), we denote its string module by N(ι(w)).
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Note that
dimN(ι(w)) = dimM(w) +
∑
αi ∈ Q
cyc
1 ,
w = αǫ11 α
ǫ2
2 . . . α
ǫn
n
dimSαi ,
where Sαi is the simple module corresponding to αi ∈ Q
cyc
1 ⊆ Q
Aus
0 . In this way, we get a
map ι : S(Λ)→ S(Γ), which is injective. It is easy to see that Φ(M(w)) = N(ι(w)).
• For a string v = β1β2 . . . βn ∈ S(Γ), denote its corresponding string module by N(v).
Obviously, res(N(v)) is also a string module if res(N(v)) 6= 0, we denote by π−(v) the string
of res(N(v)). Explicitly, we denote by v′ the longest substring of v such that s(v′), t(v′) ∈
Q0 ⊆ Q
Aus
0 , then π
−(v) is constructed from v′ by replacing α−α+ with α for each α ∈ Qcyc1 .
Note that if res(N(v)) = 0, then π−(v) is not defined. This only happens when v = 1(α,i) for
some α ∈ Qcyc1 ⊆ Q
Aus
0 .
Besides, there exists the shortest string v′′ with s(v′′), t(v′′) ∈ Q0 ⊆ Q
Aus
0 , such that v is
a substring of v′′. Then π+(v) is constructed from v′′ by replacing α−α+ with α for each
α ∈ Qcyc1 . Obviously, π
+(v) ∈ S(Λ), we denote its string module by M(π+(v)).
In this way, we get two surjective maps π−, π+ : S(Γ)→ S(Λ), in fact, π−ι = Id = π+ι.
Example 4.2. Keep the notations as in Example 2.3 (a) and Example 3.2 (a). Let v = αγ2β,
which is a string in S(Λ). Then ι(v) = α−1α+γ2β
+β−1, which is a string in S(Γ).
For π+ and π−, we have π+(α+) = α, π+(α−) = α, and π−(α+) = 1(1,1), π
−(α−) = 1(2,1).
Let w = α+γ2β
+, which is a string in S(Γ). Then π+(w) = αγ2β, which is a string in S(Λ),
and π−(w) = γ2, which is a string in S(Λ).
Note that 0 ≤ l(c)− l(ιπ−(c)) ≤ 2 for any string c ∈ S(Γ) such that π−(c) is defined.
Lemma 4.3. Let Λ = KQ/〈I〉 be a gentle algebra. Then Λ admits band modules if and only
if the Cohen-Macaulay Auslander algebra Aus(Gproj Λ) of Λ admits band modules.
Proof. Let b = α1α2 · · ·αn−1αn be a band in Λ. Then it is easy to see that ι(b) is also a band
in Aus(Gproj Λ).
Conversely, for any band c in Aus(Gproj Λ), if s(c) = t(c) ∈ Q0 ⊆ Q
Aus
0 , it is easy to see
that π−(c) is a band in Q. Otherwise, if s(c) = t(c) ∈ Qcyc1 , then there exists α1 ∈ Q
cyc
1
such that s(c) = α1 = t(c), which implies that c is of form α
+
1 c1α
−
1 or (α
−
1 )
−1c1(α
+
1 )
−1,
since there is only one arrow α−1 starting from α1 and one arrow α
+
1 ending to α1. We only
check it for the first form since the second is similar. Then d = c1α
−
1 α
+
1 is also a band
in Aus(Gproj Λ). Since s(d) = t(d) = s(α1) ∈ Q0, from the definition of π
−, we get that
s(π−(d)) = s(d) = t(d) = t(π−(d)). Together with π−(dm) = (π−(d))m for any m > 0, it is
easy to see that π−(d) is a band in Λ. 
Theorem 4.4. Let Λ = KQ/〈I〉 be a gentle algebra. Then Λ is representation-finite if and
only if the Cohen-Macaulay Auslander algebra Γ = Aus(Gproj Λ) of Λ is representation-finite.
Proof. Theorem 3.5 shows that the Cohen-Macaulay Auslander algebra of Λ isKQAus/〈IAus〉.
If Γ = Aus(Gproj Λ) is representation-finite, then there is no band in Γ. Lemma 4.3 yields
that there is no band in Λ. For each string w = α1α2 · · ·αn in S(Λ), we have ι(w) ∈ S(Γ).
Note that ι is injective. Since Γ is representation-finite and every string defines a unique string
module, there are only finitely many strings in Γ, which implies that there are only finitely
many strings in Λ. Since Λ admits no band module, we get that Λ is representation-finite.
Conversely, if Λ is representation-finite, then there is no band in Λ. Lemma 4.3 yields
that there is no band in Γ. Let c be a string in S(Λ). For any string v ∈ S(Γ) such that
π−(v) = c, it is easy to see that ι(c) is a substring of v and v is of form ι(c), αι(c), ι(c)β
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or αι(c)β for some α, β or their inverses in (Qcyc1 )
±. Since (Qcyc1 )
± is a finite set, there are
only finitely many strings v in S(Γ) such that π−(v) = c. Additionally, there are only finitely
many strings in Λ, so there are only finitely many strings in Γ, and then Γ = Aus(Gproj Λ)
is representation-finite since Γ admits no band module. 
For a gentle algebra Λ = KQ/〈I〉, if any indecomposable Λ-module M is uniquely deter-
mined by its dimension vector, then there is no band module in Λ, since each band yields
infinitely many indecomposable modules with the same dimension vector.
Lemma 4.5. Let Λ = KQ/〈I〉 be a gentle algebra such that there is no loop in Q. If any
indecomposable Λ-module M is uniquely determined by its dimension vector, then for any
arrow α ∈ Q1, there is no arrow from t(α) to s(α), i.e., there is no oriented 2-cycle in Q.
Proof. If there is an arrow β : t(α) → s(α), then there are two strings s(α)
α
−→ t(α), t(α)
β
−→
s(α). So there are two string modules with the same dimension vector, giving a contradiction.

Theorem 4.6. Let Λ = KQ/〈I〉 be a gentle algebra such that there is no loop in Q. If
any indecomposable Λ-module M is uniquely determined by its dimension vector, then any
indecomposable Aus(Gproj Λ)-module N is uniquely determined by its dimension vector.
Proof. If any indecomposable Λ-module M is determined by its dimension vector, then there
is no band in Λ and Lemma 4.3 yields that Γ = Aus(Gproj Λ) admits no band. So there are
only string modules in modΓ. We also get that any string in S(Λ) is uniquely determined
by its dimension vector up to the equivalence relation ρ.
For any vector v = ((vi)i∈Q0 , (vα)α∈Qcyc
1
) which is a dimension vector of a string Γ-module,
set v1 to be (vi)i∈Q0 and v2 to be (vα)α∈Qcyc
1
. If there are two strings c, d ∈ S(Γ), such that
dim c = dim d = v, then l(c) = l(d). If v1 = 0, then v is the dimension vector of a simple
Γ-module Sα for some α ∈ Q
cyc
1 ⊆ Q
Aus
0 , the result follows immediately since every simple
module is uniquely determined by its dimension vector.
If v1 6= 0, then both π
−(c) and π−(d) are well-defined, and v1 is the dimension vector of the
strings π−(c) and π−(d) in Λ. It follows that π−(c) ∼ π−(d) since dimπ−(c) = dimπ−(d) and
any string in Λ is uniquely determined by its dimension vector up to the equivalence relation
ρ. After choosing suitable representatives, we can assume that π−(c) = π−(d). We get that
ιπ−(c) = ιπ−(d) appears as substrings of c and d. Recall that 0 ≤ l(c)− l(ιπ−(c)) ≤ 2.
Case (1). If l(c) = l(ιπ−(c)), then c = ιπ−(c), which also implies d = ιπ−(d) by l(c) =
l(d). Then c = d since π−(c) = π−(d) and ι is injective.
Case (2). l(c)− l(ιπ−(c)) = 1. We assume that ιπ−(c) = ιπ−(d) is
b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1.
Suppose for a contradiction that c is not equivalent to d.
Since dim c = dim d, there exists some α ∈ Qcyc1 such that c and d are of the following
forms:
c1 : α b1
α+oo α1 b2
α2
· · ·
αn−1
bn
αn
bn+1,
c2 : α
α− // b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1,
c3 : b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1
α+ // α,
c4 : b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1 α.
α−oo
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If c = c1, then d can only be of form c3 or c4 since there is no loop in Q. First, if d = c3, then
π+(d) = π+(ιπ−(d))α−1 = π+(ιπ−(c))α−1, and π+(c) = απ+(ιπ−(c)). Then dimπ+(d) =
dimπ+(c), which means that π+(d) ∼ π+(c). If π+(d) = π+(c), then from the definition of
π+, we get that α− = α1, α
+ = α2, α1 = α3 and so on. So α3 = α
−, which yields that
α−α+α− is a string. However, t(α) = t(α−) = s(α+) = s(α), which means that α is a loop
in Q, contradicts to the assumption of Q. If π+(d) = (π+(c))−1, then π+(ιπ−(c))α−1 =
(απ+(ιπ−(c)))−1 = (π+(ιπ−(c)))−1α−1, which means that π+(ιπ−(c)) = (π+(ιπ−(c)))−1,
giving a contradiction to Remark 2.4.
Second, if d = c4, then
ιπ+(c) : bn+1 α
α−oo b1
α+oo α1 b2
α2
· · ·
αn−1
bn
αn
bn+1
is a string, and its starting point and ending point coincide. From ιπ+(d), it is easy to see
that (ιπ+(c))m is also a string for any m > 0, which implies that there is a band in Γ, giving
a contradiction. In conclusion, d = c if c is of form c1.
For c is one of forms c2, c3 and c4, the proof is similar to the above, we omit the proof here.
Case (3). l(c)− l(ιπ−(c)) = 2. We assume that
ιπ−(c) = ιπ−(d) : b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1.
There are four cases for the structure of c.
Case (3a). c is
c : α b1
α+oo α1 b2
α2
· · ·
αn−1
bn
αn
bn+1
β+ // β
for some α, β ∈ Qcyc1 . If α = β, then d = c since dim c = dim d and Q has no loop.
For α 6= β, suppose for a contradiction that d is not equivalent to c. Then d is one of the
following forms:
d1 : β b1
β+oo α1 b2
α2
· · ·
αn−1
bn
αn
bn+1
α+ // α,
d2 : β b1
β+oo α1 b2
α2
· · ·
αn−1
bn
αn
bn+1 α,
α−oo
d3 : β
β− // b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1
α+ // α,
d4 : β
β− // b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1 α.
α−oo
For d = d1, if n = 0, then d = c
−1, a contradiction. If n > 0, then there are two arrows
α+, β+ from b1, and α1 is of form α1 : b2 → b1 since Γ is gentle. Then β
+α1, α
+α1 /∈ I
Aus,
a contradiction. For d = d2, if n = 0, then there is an oriented 2-cycle b1
α+
−−→ α
α−
−−→ b1 in
Γ, a contradiction; if n > 0, then similar to the above case d = d1, we can get that it is also
impossible. For d = d3, it is easy to see that bn+1 = b1, then there is an oriented 2-cycle
b1
β+
−−→ β
β−
−−→ b1, a contradiction. For d = d4, there is an oriented 2-cycle bn+1
β
−→ b1
α
−→ bn+1
in Q, a contradiction to Lemma 4.5. Therefore, d is equivalent to c in this case.
Case (3b). c is of form
c : α b1
α+oo α1 b2
α2
· · ·
αn−1
bn
αn
bn+1 β
β−oo
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for some α, β ∈ Qcyc1 . If α = β, then d = c since dim c = dim d and Q has no loop. For
α 6= β, suppose for a contradiction that d is not equivalent to c. Then d is also one of the
forms d1, d2, d3, d4 as described in Case (3a).
For d = d1, if n = 0, then b1
β+
−−→ β
β−
−−→ b1 is an oriented 2-cycle, a contradiction. If
n > 0, then we can check that it is impossible similar to Case (3a). For d = d2, if n = 0,
then b1
β+
−−→ β
β−
−−→ b1 is an oriented 2-cycle, a contradiction. If n > 0, then there are
two arrows α−, β− ending to bn+1, and αn is of form αn : bn+1 → bn since Γ is gentle. Then
αnβ
−, αnα
− /∈ IAus, a contradiction. For d = d3, it is easy to see that dimπ
+(d) = dimπ+(c),
so π+(d) ∼ π+(c) and then ιπ+(d) ∼ ιπ+(c), that is
ιπ+(c) : t(α) α
α−oo b1
α+oo α1 b2
α2
· · ·
αn−1
bn
αn
bn+1 β
β−oo s(β)
β+oo
and
ιπ+(d) : s(β)
β+ // β
β− // b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1
α+ // α
α− // t(α)
are equivalent under ρ, which implies that ιπ+(c) = (ιπ+(d))−1. Then (ιπ−(c)) = (ιπ−(c))−1,
which is impossible. For d = d4, obviously, bn+1 = b1 and so b1
α+
−−→ α
α−
−−→ b1 is an oriented
2-cycle, a contradiction. Therefore, in this case, d is equivalent to c.
Case (3c). c is of form
c : α
α− // b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1
β+ // β
for some α, β ∈ Qcyc1 . This case is similar to Case (3b), we omit the proof here.
Case (3d). c is
c : α
α− // b1
α1
b2
α2
· · ·
αn−1
bn
αn
bn+1 β
β−oo
for some α, β ∈ Qcyc1 . This case is similar to Case (3a), we omit the proof here.
To sum up, when l(c)− l(ιπ−(c)) = 2, we get that c is equivalent to d.
Therefore, for any strings c, d in S(Γ), if dim c = dim d, then c ∼ d. For any indecomposable
Γ-module N , we get that N is a string module, which is uniquely determined by its string up
to the equivalent relation ρ, and so N is uniquely determined by its dimension vector. 
The following example shows that the converse of Theorem 4.6 is not valid.
Example 4.7. Let Λ = KQ/〈I〉 be a gentle algebra with
Q : 1
α // 2
β
oo I = {αβ, βα}.
Then QAus is as following diagram shows and IAus = {β+α−, α+β−}.
❝ ❝
❝
❝
 
 ✒ ❅
❅❘
 
 ✠❅
❅■1
α
2
β
α+ α−
β+β−
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It is easy to see that any indecomposable KQAus/〈IAus〉-module is uniquely determined by
its dimension vector. However, the indecomposable projective Λ-modules P1, P2 corresponding
to vertices 1, 2 respectively, have the same dimension vector.
Remark 4.8. Let Λ = KQ/〈I〉 be a gentle algebra. If any indecomposable Λ-module M is
uniquely determined by its dimension vector, then for any loop α : i→ i with i a vertex, there
is no arrow β 6= α starting from i or ending to i.
Proof. Since Λ is a gentle algebra, for any loop α : i → i, we have α2 ∈ I. First, note that
there is not another loop β with the same starting point i. Otherwise, we also have β2 ∈ I.
Then βα, αβ /∈ I since Λ is gentle, contradicts to the fact Λ is finite-dimensional.
If there is another arrow β : i → j, then j 6= i. Obviously, βα /∈ I. So there are two
nonequivalent strings i
α
−→ i
β
−→ j and i
α
←− i
β
−→ j, which have the same dimension vector, a
contradiction.
If there is another arrow β : j → i, it is similar to the above case, we omit the proof
here. 
Example 4.9. Let Λ = KQ/〈I〉 be a gentle algebra with Q0 = {1}, Q1 = {α : 1→ 1}. Then
I = {α2}. Let KQAus/〈IAus〉 be the Cohen-Macaulay Auslander algebra of Λ. Then QAus is
as the following diagram shows and IAus = {α+α−}.
QAus : 1
α+ // 2
α−
oo
It is easy to that KQAus/〈IAus〉 does not satisfy that any indecomposable module is uniquely
determined by its dimension vector.
Corollary 4.10. Let Λ = KQ/〈I〉 be a gentle algebra with Q connected. Assume that Λ
satisfies that any indecomposable Λ-module M is uniquely determined by its dimension vector.
If there are two indecomposable Aus(Gproj(Λ))-modules with the same dimension vector, then
Λ is isomorphic to the local ring K[X]/〈X2〉.
Proof. Since any indecomposable Λ-module M is uniquely determined by its dimension vec-
tor, if there is no loop in Q, Theorem 4.6 yields that any indecomposable Aus(Gproj Λ)-
module N is determined by its dimension vector, a contradiction. So there is at least one
loop in Q. Furthermore, Remark 4.8 implies that Q0 = {v}, Q1 = {α : v → v} since Q is
connected, and so Λ ∼= K[X]/〈X2〉. 
At the end of this section, we give the following proposition for schurian gentle algebras.
Recall that an algebra A = KQ/I is schurian if dimk HomA(Pi, Pj) ≤ 1 for any two vertices
i, j of Q, or in other words, the entries of its Cartan matrix are only 0 or 1.
Proposition 4.11. Let Λ = KQ/〈I〉 be a schurian gentle algebra. Then its Cohen-Macaulay
Auslander algebra Γ = Aus(Gproj Λ) is also a schurian gentle algebra.
Proof. Let P be an indecomposable projective Γ-module corresponding to some vertex b1 ∈
QAus0 . Since Γ is a gentle algebra, P is a string module, see e.g. [17, Section 4]. Denote by
w its string. Then from [17, Section 4], we get that w is of form
w : bn+m+1 · · ·
βmoo bn+2
β2oo b1
β1oo α1 // b2
α2 // · · ·
αn−1 // bn
αn // bn+1,
or
w : a1
γ1 // a2
γ2 // · · ·
γl−1 // al
γl // al+1,
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where the paths βm . . . β2β1, αn . . . α2α1 and γl . . . γ2γ1 appearing above are maximal, e.g.
there does not exist β ∈ QAus1 such that ββm /∈ I
Aus, see e.g. [2, 17]. Therefore, we only
need to check that the string w passes through any vertex at most once.
For w is of the first case, we claim that b1, bn+1, bn+m+1 ∈ Q0 ⊆ Q
Aus
0 . In fact, if b1 /∈ Q0,
then b1 = α for some α ∈ Q
cyc
1 ⊆ Q
Aus
0 . Then there are two arrows α1, β1 starting from α.
Recall that there is only one arrow α− starting from α in QAus, a contradiction. If bn+1 /∈ Q0,
then bn+1 = β for some β ∈ Q
cyc
1 ⊆ Q
Aus
0 . Since there is only one arrow β
+ ending to β
in QAus, αn = β
+. However, β−β+ /∈ IAus, so we get that αn · · ·α2α1 is not maximal, a
contradiction. For bn+m+1 ∈ Q0, it is similar to the above.
It is easy to see that π−(w) ∈ S(Λ) is the string of the indecomposable projective Λ-module
corresponding to the vertex b1 ∈ Q0. From Λ is schurian, we get that π
−(w) does not pass
through any vertex more than once. It follows that w does not pass through any vertex in
Q0 ⊆ Q
Aus
0 more than once. Furthermore, if w passes through a vertex α ∈ Q
cyc
1 ⊆ Q
Aus
0 at
least twice, then w must pass through s(α) or t(α) at least twice, which yields that π−(w)
passes through s(α) or t(α) at least twice, a contradiction.
If w is of the second case, similar to the first case, we get that al+1 ∈ Q0 ⊆ Q
Aus
0 . If
a1 ∈ Q0, then it is similar to the first case. If a1 = α ∈ Q
cyc
1 , then α1 = α
− since there is only
one arrow α− starting from α. It is easy to see that π+(w) ∈ S(Λ) is the string of a quotient
of the indecomposable projective Λ-module ΛPs(α) corresponding to the vertex s(α). Let v
be the string of ΛPs(α). From the above, we know that v does not pass through any vertex
more than once. Note that w is a substring of v, so w does not pass through any vertex more
that once.
Therefore, Γ is a schurian algebra. 
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